Abstract. Totally imprimitive p-groups satisfying the cyclic-block property are investigated. It is shown that in these groups any two blocks either are disjoint or one is contained in the other, and so the set of all blocks of the same size forms just one block system. Furthermore the non-FC-subgroups of these groups are transitive. For each prime p totally imprimitive p-subgroups of FSymðN Ã Þ satisfying the cyclic-block property are constructed, which are not minimal non-FC-groups.
Introduction
Let W be a (possibly infinite) set. A permutation s on W is called finitary if suppðsÞ ¼ fi A W : sðiÞ 0 ig is finite. The set of all finitary permutations on W is a permutation group, called the finitary symmetric group and denoted by FSymðWÞ.
Let G be a subgroup of FSymðWÞ. Since the elements of G have finite supports it follows that every proper block for G is finite. Thus if G has no maximal proper block, then W is the union of an ascending chain of finite blocks. In this case G is called totally imprimitive. Clearly then both W and G are countable. An element g of G is said to satisfy the cyclic-block property if the support of any cycle in the cyclic decomposition of g is a block for G, and a subset Y of G satisfies the cyclic-block property if every element of Y satisfies this property. It follows that if G is a p-group and satisfies the cyclic-block property, then any two blocks are either disjoint or one is contained in the other one, and so the set of all blocks of the same size forms just one block system for G. Thus G is uniserial in the sense of Neumann [5, p. 16 ] (see the explanations following Lemmas 2.1 and 2.2 below). Also every non-FC-subgroup of G is transitive.
In this work a totally imprimitive p-subgroup of FSymðN Ã Þ is constructed for each prime p satisfying the cyclic-block property and it is shown that this group is not a minimal non-FC-group. (A group G is called a minimal non-FC-group (MNFC-group for short) if G is not an FC-group but every proper subgroup of G is an FC-group.
An infinite subset Y of G is called ascending if Y has infinite exponent and not contained in the set stabilizer of any proper block for G. An expression like s ¼ g Â t always means that the permutation s is the product of two permutations g and t having disjoint support.
The main results of this work are stated below.
Theorem 1.1. For each prime number p there exists a totally imprimitive p-subgroup of FSymðN Ã Þ that satisfies the cyclic-block property.
Theorem 1.2. Let G be the totally imprimitive p-subgroup of FSymðN Ã Þ which is constructed in Theorem 1:1. Then G cannot be an MNFC-group.
The notation and definitions are standard and may be found in [1] , [3] , [4] , [5] and [6] .
Properties of groups satisfying the cyclic-block property
Let G be a group and let H be a subgroup of G. An element g of G is said to have H-order t if t is the smallest number with g t A H. We let o H ðgÞ ¼ t. It follows from Lemma 2.2 that the set of the blocks for G of the same size forms just one equivalence class under the natural action of G on this set, and so G is uniserial as defined in [5, p. 16] . The number of inequivalent uniserial totally imprimitive p-groups is uncountable by [5, Theorem 6.3] . Furthermore any non-FC-subgroup of G is ascending and transitive on W. Indeed let X be a non-FC-subgroup of G. To show that X is ascending assume if possible that expðX Þ ¼ p s for some s d 1. Then there exists some a A W and y A X so that jh yiðaÞj ¼ p s , and h yiðaÞ ¼ D is a block 3 Existence of a p-group with the cyclic-block property
We will consider the example given in [7, p. 468 ] (see also [4, Exercise 8.3.1] ). Let p be a prime number. For all k d 1 and n d 1 let
and for k d 1 let
Each T k is a set of disjoint elementary permutations (product of disjoint cycles of length p).
Note that suppðx k; n Þ ¼ D k; n , and jD k; n j ¼ p k .
Let k c l and n; t d 1. Since D k; n and D l; t are divisions of the positive integers into blocks of p k and p l integers respectively, starting with 1, we see that either
p lÀk þ1þr for some r with 0 c r < p lÀk . Hence it follows that
as a disjoint union. In particular it follows from this that if k c l, then x k; n leaves D l; t invariant in all cases. Clearly x l; t acts on the set fD k; ðtÀ1Þ p lÀk þ1þr : 0 c r < p lÀk À 1g and is a disjoint product of p-cycles. Hence the number of such disjoint cycles is p lÀk =p ¼ p lÀkÀ1 . Since x l; t moves every number in D l; t by the amount of p lÀ1 , we see that x l; t moves x k; n to x k; s , where
Clearly it follows from this that x k; s is equal to x l; t x k; n x À1 l; t , that is, x k; s ¼ x l; t x k; n x À1 l; t . (Note that xða; b; cÞx À1 ¼ ðxðaÞ; xðbÞ; xðcÞ:Þ Consequently we see that any two elements of T k are conjugate under an element of hx l; t i for some l d k and t d 1. Thus we have proved the following.
The element x k; n is conjugate to x k; nþp lÀ1Àk or x k; nÀð pÀ1Þ p lÀ1Àk under x l; t , according as n þ p lÀ1Àk c tp lÀk or n þ p lÀ1Àk > tp lÀk . Therefore any two elements of T k are conjugate under an element of T l for some l d k.
Clearly it follows from Lemma 3.
and put G ¼ 6 y k¼1 G k . We will show that G satisfies the cyclic-block property. Note that suppðu k Þ ¼ D k; 1 and
commute in pairs since they have disjoint supports. Thus
In the rest of this work we let 
. . . ; pÞ and D 1 ¼ f1; 2; . . . ; pg. So suppose that it holds for some k d 1. Thus we have
which is a cycle of length pp k ¼ p kþ1 with support equal to D kþ1 , and so the induction is complete. Also now by definition of
which shows that u kþ1 commutes with g k and so the assertion holds in this case. Suppose that the assertion holds for some
. . . ðu 
Therefore the assertion holds in this case too, and so the induction is complete.
(c) Since
where s ¼ p tÀðkþ1Þ À 1. Since suppðu
Hence substituting the value of u p tÀk t we get
k for all i with 0 c i c p tÀk À 1 and hence w tþ1 A G. Also since
and hence g Proof. We may suppose that
Hence hu 
where v k ¼ u 
(c) First we show that suppðG
Now G 
Let 1 c r c p À 1. Thus to verify the assertion it su‰ces to show that
Let y ¼ xy 
k is a group. Since j d 0 is any number, it follows that the assertion holds and so the verification of (c) is complete. r Lemma 3.7. Let 1 0 x A G and let ða 1 ; a 2 ; . . . ; a p Þ be a cycle of length p in the cyclic decomposition of x. If fa 1 ; a 2 ; . . . ; a p g is not a block, then there exist a
ÞÞ is a factor in the decomposition of x for 2 c i c p and
Proof. 
ðGÞ is fixed by x and it contains exactly p 2 elements each of which is moved by x. Since ða 1 ; a 2 ; . . . ; a p Þ is a cycle in the decomposition of x, each of the remaining cycles can have size at most p. Therefore ða By the proof of Lemma 3.
, where Since suppðEÞ J D sþ1 nD s , E induces a permutation on G. But since E is a p-element this must be a trivial permutation, which forces that Eðx 
Obviously suppðD and then also for E r . Since r A f1; 2; . . . ; p À 1g is arbitrary it follows that every cycle in the cyclic decomposition of Ew s defines a block for G, which completes the proof of the lemma. r Proof of Theorem 1.1. We want to show that the support of any cycle in the cyclic decomposition of an element of G is a block for G Clearly the assertion holds for Next suppose that oðxÞ > p and the assertion holds for elements of smaller orders. Let C be a cyclic factor of order p n > p of x. Then C p satisfies the assertion since
Þ which is also a block. Assume if possible that 6
Then b ¼ CðbÞ A CgðD n Þ V gðD n Þ since suppðCÞ ¼ 6 p i¼1 C iÀ1 ðgðD nÀ1 ÞÞ, which implies that CgðD n Þ ¼ gðD n Þ. This contradicts the case that CgðD nÀ1 Þ U gðD n Þ. Therefore 6 p i¼1 C iÀ1 ðgðD nÀ1 ÞÞ ¼ gðD n Þ which means that suppðCÞ ¼ gðD n Þ. Thus if x has no cycles of length p in its decomposition then we are done. So suppose that x has cycles of length p and assume that there is a cycle ða 1 ; a 2 ; . . . ; a p Þ such that fa 1 ; a 2 ; . . . ; a p g is not a block for G. Since g s normalizes G sÀ1 G Ã sÀ1 , conjugating x by a suitable power of g s (actually by a power of u s ) we may let a 1 ¼ 1. Then f1; 2; . . . ; pg ¼ D 1 is the unique block of size p containing 1 by Lemma 3.4 (b) . Hence x i ðD 1 Þ ¼ fa iþ1 ; x i ð2Þ; . . . ; x i ð pÞg is a block for G for 0 c i c p À 1 and ði; xðiÞ; . . . ; x pÀ1 ðiÞÞ is a factor of x for i ¼ 2; . . . ; p by Lemma 3.7. In particular x p ðD 1 Þ ¼ D 1 . Let S ¼ fxðD 1 Þ : x A Gg and let G be the image of G under the natural permutational representation of G in FSymðSÞ. From the above paragraph ðD 1 ; xðD 1 Þ; . . . ; x pÀ1 ðD 1 ÞÞ is a factor of the cyclic decomposition of x. Since oðxÞ < oðxÞ, x satisfies the assertion. Therefore fD 1 ; xðD 1 Þ . . . ; x pÀ1 ðD 1 Þg is a block for G and so D 1 U xðD 1 Þ U Á Á Á U x pÀ1 ðD 1 Þ is a block for G. Consequently ) and hg 1 i V hg 2 i ¼ f1g, every cycle of every element of G 2 must be a block for G, and then the same holds for x. Therefore the assertion is satisfied in this case.
Finally suppose that i ¼ pq for some q d 1. Then, as before, Since the number of factors on the right-hand side is less than r we may apply
